I discuss the experimental evidence for and theoretical interpretation of the new mesons and baryons with two heavy quarks. These include doublyheavy baryons, exotic hadronic quarkonia and, most recently, a manifestly exotic pentaquark-like doubly heavy baryon discovered by LHCb with a minimal quark content uudcc. Its mass, decay mode and width are in agreement with a prediction based on a physical picture of a deuteron-like Σ cD * "hadronic molecule". In the second part of the paper, I focus on possible ways of experimental exploration of this new spectroscopy of QCD, especially in future high-energy e + e − colliders with very high luminosity. The primary task of these machines is searching for physics beyond the Standard Model. Consequently, their planned CM energy is far above the relevant energy scale for production of the new doubly-heavy hadrons. Yet, preliminary analysis of radiative-return processes indicates rather high effective luminosity at CM energies of interest, suggesting a possibility for copious production. DOI:10.5506/APhysPolB.47.117 
First observation of manifestly exotic hadrons
In late 2007, the Belle Collaboration reported [1] anomalously large rate partial widths of Υ (5S) → Υ (2S) and Υ (5S) → Υ (1S), two orders of magnitude larger than the analogous decays of Υ (3S). Soon afterwards, Lipkin and I proposed [2] that a four-quark exotic resonance [bbud ] might mediate these decays through the cascade Υ (mS) → [bbud ]π − → Υ (nS) π + π − . We suggested looking for the [bbud ] resonance in these decays as peaks in the invariant mass of Υ (1S) π or Υ (2S) π systems, cf. Fig. 1 . More recently, the Belle Collaboration confirmed this prediction, announcing [3, 4] the obser- vation of two charged bottomonium-like resonances Z b as narrow structures in π ± Υ (nS) (n = 1, 2, 3) and π ± h b (mP ) (m = 1, 2) mass spectra that are produced in association with a single charged pion in Υ (5S) decays. The measured masses of the two structures averaged over the five final states are M 1 = 10608.4 ± 2.0 MeV, M 2 = 10653.2 ± 1.5 MeV, both with a width of about 15 MeV. Interestingly enough, the two masses M 1 and M 2 are about 3 MeV above the respective B * B and B * B * thresholds.
This strongly suggests a parallel with X(3872), whose mass is almost exactly at the D * D threshold. It also raises the possibility that such states might have a complementary description as deuteron-like "molecule" of two heavy mesons quasi-bound by pion exchange [5] [6] [7] , as schematically shown in figure 2.
The attraction due to π exchange is 3 times weaker in the I = 1 channel than in the I = 0 channel. Consequently, in the charm system, the I = 1 state is expected to be well above the D * D threshold and the I = 0 X(3872) is at the threshold 1 . In the bottom system, the attraction due to π exchange is essentially the same, but the kinetic energy is much smaller by a factor of ∼ m(B)/m(D) ≈ 2.8. Therefore, the net binding is much stronger than in the charm system. The recently discovered manifestly exotic charged resonances are surprisingly narrow. This is the case in bothbb systems [3, 4] -and in the exotic charmonium, namely the remarkable peak Z c (3900) at 3899.0±3.6±4.9 MeV with Γ = 46 ± 10 ± 20 MeV reported by BESIII [8] .
The relatively slow decay of these exotic resonances implies that the dominant configuration of theQQqq four-body system is not that of a lowlyingQQ quarkonium and pion(s). The latter have a much lower energy than the respective two-meson thresholdsM M * andM * M * , (M = D, B), but do readily fall apart into (QQ) and pion(s) and would result in very large decay widths. We should view these systems as loosely bound states and/or near threshold resonances in the two heavy-meson system. Such "molecular" states,DD * , etc., were introduced in Ref. [5] . They were later extensively discussed [6, 7] in analogy with the deuteron which binds via exchange of pions and other light mesons, and were referred to as deusons. The key observation is that the coupling to the heavy mesons of the light mesons exchanged (π, ρ, etc.) becomes universal and independent of M Q for M Q → ∞, and so does the resulting potential in any given J CP and isospin channel. In this limit, the kinetic energy ∼ p 2 /(M Q ) vanishes, and the two heavy mesons bind with a binding energy ∼ the maximal depth of the attractive meson-exchange potential.
For a long time, it has been an important open question whether these consideration apply in the real world with large but finite masses of the D and B mesons. The recent experimental results of Belle [3, 4] and BESIII [8] , together with the theoretical analysis in Refs. [9] and [10] strongly indicate that such exotic states do exist -some were already found and more are predicted below.
Due to parity conservation, the pion cannot be exchanged in theM M system, but it does contribute in theM M * andM * M * channels. The τ 1 · τ s isospin nature of the exchange implies that the binding is 3 times stronger in the isoscalar channel. It was estimated [9, 10] that in the bottomonium system, this difference in the binding potentials raises the I = 1 exotics well above the I = 0 exotics. In the charmonium system, this splitting is expected to be slightly smaller, because theDD * /D * D * states are larger thanBB * /B * B * . This is because the reduced mass in theBB * system is approximately 2.5 times larger than in theDD * system. On the other hand, the net attractive potential due to the light mesons exchanged between the heavy-light mesons is approximately the same, since m c , m b Λ QCD . As usual in quantum mechanics, for a given potential, the radius of a bound state or a resonance gets smaller when the reduced mass grows, so theDD * states are larger than theBB * states. Because of this difference in size, the attraction in both I = 0 and I = 1 charmonium channels is expected to be somewhat smaller.
Since the quarks are heavy, we can treat their kinetic energy as a perturbation depending linearly on a parameter inversely proportional to µ red , the reduced mass of the two meson system, which scales like the mass of the heavy quark [11] , with the Hamiltonian H = a p 2 + V , where a = 1/µ red ∼ 1/m Q . We can use the existing data in order to make a very rough estimate of the isovector binding potential in the m Q → ∞ limit. We have two data points: Z c (3900) at a(D) is approximately 27 MeV aboveDD * threshold and Z b (10610) at a(B) is approximately 3 MeV aboveBB * threshold. Linear extrapolation to a = 0 yields E I=1 b (a = 0) ≈ −11.7 MeV. In view of the convexity, the actual binding energy is likely to slightly exceed this linear extrapolation.
We can then use this result for the isovector channel to estimate theBB * binding in the isoscalar channel assuming that the isoscalar binding energy in the m Q → ∞ limit is 3 times larger than for the isovector, i.e. The upshot is that the Z c (3900) isovector resonance confirms and refines the estimates in [9, 10] for the mass of the putativeBB * isoscalar bound state. This immediately leads to several predictions [11] :
(a) two I = 0 narrow resonances X b in the bottomonium system, about 23 MeV below Z b (106010) and Z b (10650), i.e. about 20 MeV below the correspondingBB * andB * B * thresholds; (b) an I = 1 resonance aboveD * D * threshold; (c) an I = 0 resonance nearD * D * threshold.
More recently, the BESIII Collaboration reported observation in e + e − → (D * D * ) ± π ∓ of what looks just like (b) above, namely a new charmoniumlike charged resonance Z c (4025), slightly above theD * D * threshold, at √ s = (4026.3 ± 2.6 ± 3.7) MeV, with width of 24.8 ± 5.6 ± 7.7 MeV [12] . Shortly afterward, BESIII reported observation of another charged charmonium-like structure Z c (4020) in e + e − → π + π − h c at (4022.9 ± 0.8 ± 2.7) MeV and width of 7.9 ± 2.7 ± 2.6 MeV [13] . At this time, it is not yet clear if these are two independent resonances or two observations of the same object at slightly different masses, possibly due to systematic effects associated with the two observation channels.
Figures 3 and 4 provide a concise summary of the experimental information about the masses of doubly-heavy exotics observed so far, together with our predictions for additional states, as discussed above. It is somewhat puzzling that, unlike Z + c (3900), Z + c (4020/4026) has not been seen in the J/ψπ + mode. Moreover, one notes that Z + c (4020/4026) is somewhat closer to theD * D * threshold than our prediction. It will be interesting to identify the reasons for this small difference. The two main possibilities are: (a) details of the experimental analysis; (b) a possible difference between theB * B * andD * D * attractive pion-exchange potentials. The X b states can most likely be observed through the decays X b → Υ ω or X b → χ b ππ. Unlike incorrectly stated in [11] , they cannot decay to Υ ππ. The latter decays are prevented by G-parity conservation [14] . The observed decay X(3872) → J/ππ is only possible because isospin is strongly broken between D + and D 0 , and because X(3872) is at theDD * threshold. In contradistinction, in the bottomonium system isospin is almost perfectly conserved. Thus the null result in CMS search [15] for X b → Υ (1S)π + π − does not tell us if X b exists. In fact, as we shall see next, X b might have been already observed, camouflaging as run-of-the-mill excited bottomonium.
The measured value of the radiative decays
suggests that X(3872) is a mixture of χ c1 (2P ) and D 0D * 0 . We expect a similar mixing in the bottomonium system, with a slight twist: χ b1 (2P ) is much too light, but χ b1 (3P ) is near the expected X b mass. It has been seen in χ b1 (3P ) → Υ (mS)γ, m = 1, 2, 3, by ATLAS, D0 and LHCb.
X b and χ 1b (3P ) have the same quantum numbers and their masses are expected to be close (cf. Table I and Fig. 5 ), so mixing between them is inevitable. We therefore conclude that X b might have been seen already, by ATLAS, D0 and LHCb, camouflaging as χ 1b (3P ) [20] . When discussing molecular states (of which X(3872) is at least a partial example), one notices that narrow resonances have been discovered very close toDD * ,D * D * andBB * ,B * B * thresholds, but no analogous resonances have been observed close toDD orBB threshold; cf. Table II . The absence of narrow resonances atDD andBB thresholds provides a strong hint that forces such as pion exchange play a role in the formation of these resonances, because one-pion exchange cannot bind two pseudoscalars. Moreover, the heavy-light mesons D, D * , B and B * contain only one light quark, so their coupling to pions is significantly smaller than g πN N . Therefore, in molecular systems containing two heavy-light mesons two-pion exchange is suppressed in comparison with one-pion exchange. 
×DD ×BB a Masses and widths approximate. b Quarkonium decay modes listed have maximum phase space.
Strong support for the molecular interpretation of the states listed in Table II comes from the fact that they are quite narrow, despite many hundreds of MeV available for their decay into quarkonium and pion(s). The width is a product of the available (very large) phase space and the square of the absolute value of the matrix element between the initial and the final state. Thus, the experiments tell us that the overlap of the resonance wave function with quarkonium must be very small. In a tightly-bound pentaquark, the c andc quarks are both within one confinement volume, so the overlap with the J/ψ wave function is then generically large. On the other hand, in the molecular picture, such a small overlap of the wave functions is automatic. This is because in a hadronic molecule, the two heavy quarks spend most of their time far from each other. This point is schematically illustrated in Fig. 6 .
One then can infer from Table II the necessary conditions for existence of a near-threshold resonance of this type:
(a) The state contains two heavy hadrons. They have to be heavy, as the repulsive kinetic energy is inversely proportional to the reduced mass.
(b) The two hadrons carry isospin, so that they can couple to pions. Channels like Σ cΛc , in which one of the particles has zero isospin, can exchange a pion to become the equal-mass channel Λ cΣc .
(c) The spin and parity of the two hadrons have to be such that they can bind through single pion exchange.
(d) The hadrons making up the molecule have to be sufficiently narrow, as the molecule's width cannot be smaller than the sum of its constituents' widths. A crucial step is then the realization that the pion-exchange binding mechanism can, in principle, apply to any two heavy hadrons which satisfy conditions (a)-(d) above, be they mesons or baryons.
A quantitative understanding of these effects can be then applied to bound or resonant states of two heavy hadrons. For example, the discovery of the Z b states and their probable interpretation as B * B and B * B * bound by pion exchange led us to propose that a weakly bound Σ cD * deuteronlike state might exist [21] . The narrow pentaquark resonance discovered by LHCb [22] has the right properties to be that state. Many more analogous loosely bound states of two heavy hadrons are predicted [21] . They are listed in Table III . Note, in particular, the bottom quark analogue of the resonance discovered by LHCb [22] , expected somewhat below the Σ b B * threshold at 11140 MeV. Note also that in the open flavor sector, we expect a D * B * resonance, but no DB * . This is because a bound state of a pseudoscalar and a vector of different flavors cannot bind by one pion exchange.
A (Σ
In addition to the states listed in Table III , there is an interesting possibility of genuine dibaryons, e.g. a strongly bound Σ
deuteron-like states [23] . The Σ b is about 500 MeV heavier than B * . The Σ b Σ b kinetic energy is therefore significantly smaller than that of BB * or B * B * . Moreover, Σ b with I = 1 couples more strongly to pions than B and B * with 
which might be observable in LHCb. It should also be seen in lattice QCD.
QQqq tetraquarks
The quark content of the exotic resonances observed so far isQQqq. A very different type of exotics are the QQq 1q2 tetraquarks (TQ-s) [24] [25] [26] [27] . If such states do exist, producing and discovering even the lightest ccūd is an extraordinary challenge. One needs to produce twoQQ pairs and then rearrange them, so as to form QQ andQQ diquarks, rather than the more favorable configuration of twoQQ and color singlets. Then, the QQ diquark needs to pick up aūd light diquark, rather than a q, to make a QQq baryon, suppressing the production rate of these TQ-s below the rate of QQq production.
Yet, as discussed below, there are reasons for optimism. Observation of the doubly-heavy B c = (bc) mesons [28] suggests that simultaneous production ofbb andcc pairs which are close to each other in space and in rapidity and can coalesce to form doubly-heavy hadrons is not too rare. As discussed in detail in the next section, this is an encouraging sign for the prospects of producing and observing the ccq and bcs baryons and hopefully also the ccūd TQ. ATLAS and CMS and especially LHCb probably have the best chance of discovering these states. If the new TQ lies below say, the DD * threshold, it will be stable under the strong interaction and will decay only weakly.
Once the mass of the doubly heavy baryons is known, one can immediately estimate the mass of the corresponding tetraquark [11, 26] and check whether or not it is below the two B meson threshold
Doubly-heavy baryons
From the point of view of QCD, there is nothing exotic about baryons containing two heavy quarks (b or c, generically denoted by Q) and one light quark (u or d, generically denoted by q). Heavy quarks decay only by weak interaction, with a characteristic lifetime orders of magnitude larger than the typical QCD timescale, so from the point of view of strong interactions, the QQq baryons are stable, just like protons, neutrons and hyperons. Thus, these doubly-heavy baryons must exist.
On the other hand, producing and discovering them is an extraordinary challenge. One needs to produce twoQQ pairs and then rearrange them, so as to form QQ diquark. Then, the QQ diquark needs to pick up a light quark q, to make a QQq baryon. At first, it seems that the production cross section for such a process is too low for the current generation of accelerators.
This view is probably overly pessimistic. A substantial basis for optimism is the observation of a large number of the doubly-heavy B c = (bc) mesons by D0, CDF and especially LHCb [28] [29] [30] indicating [11, 31] that simultaneous production ofbb andcc pairs which are close to each other in space and in rapidity and can coalesce to form doubly-heavy hadrons is not too rare.
There are interesting parallels between the doubly-heavy baryons QQq and the hypothetical QQqq tetraquarks. In both types of systems, there is a light color triplet -a quark or an anti-diquark -bound to a heavy diquark. Because of this similarity, experimental observation of doubly-heavy baryons is very important not just in its own right, but as a source of extremely valuable information for deducing the properties of the more exotic QQqq tetraquarks. Such a deduction can be carried out just as it was done for b baryons.
In addition, doubly heavy baryons exhibit an interesting application of the heavy quark symmetry. In the limit m Q → ∞, the wave function of a light quark in a doubly heavy baryon QQq is identical to the wave function of a light quark in a heavy light mesonQq. This is because in a QQq baryon, the two heavy quarks have negligible kinetic energy and in the limit m Q → ∞ they become static, sitting on top of each other and forming a color antitriplet, just like in theQq meson. Moreover, in the m Q → ∞ limit, there are no spin-dependent interactions between the heavy and the light quarks, so it does not matter if the heavy color antitriplet is a fermion, likeQ in theQq meson or a boson, like the QQ diquark in the QQq baryon.
Corrections to this baryon-meson relation scale like Λ QCD /m Q and are, in principle, computable. Thus, the QQq baryons will become a very useful "theoretical laboratory" for testing our ideas about bound state formation in QCD.
In the last few years, it has become possible to accurately predict at the level of 2-3 MeV the masses of heavy baryons containing the b quark:
and Ω b (bss) [32] [33] [34] , as shown in figure 7. Similar approach can be used to predict the masses of doubly-heavy baryons [31] , as shown in Table IV . Using these, one can then compute the corresponding lifetimes, as shown in Table V which also shows other authors' estimates. 
TABLE IV
Summary of our mass predictions [31] (in MeV) for lowest-lying baryons with two heavy quarks. States without a star have J = 1/2; states with a star are their J = 3/2 hyperfine partners. The quark q can be either u or d. The square or curved brackets around cq denote coupling to spin 0 or 1. The most important decay modes are those involving the most-favored Cabibbo-Kobayashi-Maskawa matrix elements, such as c → sW * + and b → cW * − . Among the latter, we focus on those modes which can pass the trigger criteria in the collider experiments, such as:
An interesting decay involving the subprocess b → (J/ψ s) twice is the chain
where
denotes a (possibly excited) state with the minimum mass of Ξ b (5792), while Ξ ( * ) denotes a (possibly excited) state with the minimum mass of Ξ. Although this mode is expected to be quite rare and one has to pay the penalty of two J/ψ leptonic branching fractions, it has a distinctive signature and is worth looking for.
In Ref.
[31], we also estimated the hyperfine splitting between B * c and B c mesons to be 68 MeV. P-wave excitations of the Ξ cc with light-quark total angular momentum j = 3/2, the analog of those observed for D and B mesons, were estimated to lie around 420-470 MeV above the spin-weighted average of the Ξ cc and Ξ * cc masses.
Prospects for detection
Production of baryons containing two heavy quarks requires simultaneous production of two heavy quark-antiquark pairs. Subsequently, a heavy quark from one pair needs to coalesce with a heavy quark from the other pair, forming together a color antitriplet heavy diquark. The heavy diquark then needs to pick up a light quark to finally hadronize as a doubly-heavy baryon. The coalescence of the two heavy quarks requires that they be in each other's vicinity in both ordinary space and in rapidity space. Computation of the corresponding cross section from first principles is difficult and is subject to considerable uncertainties due to nonperturbative effects. Instead, we use existing data [28] [29] [30] and theoretical estimates [39] [40] [41] of the closely-related process of B c production.
The two processes are closely related because production of B c also requires simultaneous production of two heavy quark-antiquark pairs. A priori, B c production has a somewhat higher probability, since in B c production a heavy quark from one pair needs to coalesce with a heavy antiquark (rather than a quark) from the other pair and there is no need to pick up an additional light quark. There is no suppression associated with the latter, as once the color antitriplet heavy diquark is formed, it can only hadronize by picking up a light quark. On the other hand, the attraction between a quark and an antiquark is twice stronger than the attraction between two quarks and we need to estimate the corresponding suppression factor. In order to see if Ξ bc and B c production rates are comparable, it would be useful to compare the analogous production rates of Ξ c and D s (or Ξ b and B s ) in experiments with large enough E CM , whether in e + e − ,pp, or pp collisions.
Although it is not directly related, one may consider the relative probability of a b quark produced at high energy fragmenting into a meson (picking up a light antiquark) and a baryon (picking up a light diquark). The Heavy Flavor Averaging Group (HFAG) [42] has tabulated these quantities as measured in Z decays and the Tevatron.
According to the HFAG analysis, depending on the production mechanism, the b quark turns into a baryon between about 10 and 25% of the time. Fragmentation into a baryon is somewhat favored at low transverse momentum [42] in hadron collisions.
More recently, LHCb has carried out a thorough analysis of the b quark fragmentation into mesons and baryons [43] [44] [45] [46] . In particular, the rather striking Fig. 4 in Ref. [46] shows that the ratio of Λ b production to B 0 meson production for p T below 10 GeV is above 0.3 and goes above 0.5 for lower p T .
A crude conclusion which we might draw from this comparison is that a baryon composed of two heavy quarks could be produced with at least 10% of the B c production rate. An even more optimistic estimate, supported by the above LHCb fragmentation data, is provided by an explicit calculation [35] which predicts the production rates for Ξ cc and Ξ bc to be as large as 50% of that for (B c + B * c ) at the Tevatron, of the order of several nb. The cross section for Ξ bb is estimated in that work to be about a factor of 10 less.
In [31] , we computed the inclusive B c production cross section at the LHC directly from the LHCb data, obtaining
for 4 < p T < 40 GeV and 2.5 < η < 4.5. With 162 ± 18 B + c → J/ψπ + events, we estimated [31] an acceptance a bit below 3%. One might expect the Ξ cc production cross section at LHCb to be at most a tenth of B c cross section, i.e. ∼ 40 nb, at 7 TeV.
There is an interesting question whether Ξ cc is LHCb's best bet for discovering doubly-heavy baryons. The point is that because of Cabibbo suppression, the b quark lifetime is about 7 times longer than the c quark, even though the b quark is more than 3 times heavier and the phase space for weak quark decay of a heavy quark scales like (m b /m c ) 5 times a kinematic function of the final and initial masses. Thus, τ (Λ b ) ≈ 1.5 × 10 −12 s vs. τ (Λ c ) ≈ 2×10 −13 s, etc. The difference between actual Ξ cc and Ξ bc lifetimes, as shown in Table III , is not so pronounced. Longer lifetime makes it much easier to identify the secondary vertex. On the other hand, the cross section for producing bottom quarks is, of course, much smaller than for charmed quarks. So there is a trade-off.
For the sake of completeness, we also provide here a brief update on the status of search for doubly charmed baryons in e + e − experiments. The most recent and most stringent limits in this case come from Belle [47] . They used a 980 fb −1 data sample to search for Ξ + cc and Ξ ++ cc decaying into Λ + c K − π + (π + ) and Ξ 0 c π + (π + ) final states. Theoretical predictions for the inclusive cross section σ(e + e − → Ξ cc +X) at Belle CM energy, √ s = 10.58 GeV, vary over a rather wide range, from 70 fb [48] to 230 fb [49] .
The CM energy of the B factories is sufficient only for production of Ξ cc , as Ξ bc and Ξ bb are too heavy. So, within the foreseeable future, the latter can only be produced at LHC and perhaps at RHIC.
As in the case of doubly-heavy baryon production in LHCb, there is a significant uncertainty in theoretical predictions for the inclusive cross section σ(e + e − → Ξ cc +X). Therefore, we suggest another approach, similar in spirit to what we proposed for LHCb. This approach is again directly based on observables which are, in principle, accessible in e + e − machines.
One can make a rough estimate of the doubly-charmed baryon production rate by assuming that the suppression of ccq baryons Ξ cc vs. csq baryons Ξ c is of the same order of magnitude as the suppression of Ξ c vs. ssq baryons Ξ [31] . The physical content of this assumption is that the suppression due to replacing an s quark in a baryon by a much heavier c quark is approximately independent of the spectator quarks in the baryon
The approximate formula in Eq. (5) and its generalizations to Ξ bc and Ξ bb production should also apply to pp collisions:
as well as
We are optimistic that with the increased data samples soon to be available in hadronic and e + e − collisions, the first baryons with two heavy quarks will finally be seen.
The new spectroscopy in future high-E high-L e + e − colliders
Several high-energy high-luminosity future e + e − colliders are currently under discussion. Their primary task is to look for physics beyond the Standard Model. Yet, through initial state radiation, it might be possible to use them to explore interesting physics significantly below their design E CM . Such machines may turn out to be our best chance at exploring the rich new QCD spectroscopy of doubly-heavy hadrons [50] .
The basic idea is very simple: An electron-positron collider operating at a center-of-mass energy E CM can collect events at all lower energies through initial-state radiation (ISR), as schematically indicated in Fig. 8 . Fig. 8 . Schematic depiction of the radiative return process in an e + e − collider. Before the collision, one of the leptons emits a hard photon, thereby significantly reducing the center-of-mass energy of available for e + e − annihilation into the final state X.
From the point of view of the accelerator designers such events at lower energies are usually viewed as a nuisance. But from our point of view, they are an opportunity -it's not a bug, it's a feature! This radiative return process has been used to good advantage in e + e − colliders such as DAΦNE, PEP-II, KEK-B, and LEP [51] [52] [53] [54] .
In a recent paper [50] , we explored the capabilities of a higher-energy high-luminosity e + e − collider such as that envisioned by CERN (FCC-ee) [55] or China (CEPC) [56] , operating at E CM 250 or 90 GeV (functioning as a Giga-or Tera-Z factory at the latter energy) [57] , to perform radiative return studies of physics at lower center-of-mass energies. Our result provides a preliminary indication that such machines can fill in the gaps left by PEP, PETRA, TRISTAN and LEP, shown in Fig. 9 .
The most interesting potential applications include dark photon searches and heavy quark exotic spectroscopy.
As the first step, in order to fairly assess the capabilities of future colliders with past and present colliders, it is necessary to specify the total integrated luminosity expected to be collected by future colliders. Based on current design reports, over 2 interaction points the CEPC is expected to collect 500 fb −1 on the Z pole, which corresponds to approximately 1 × 10 10 Zs, and 5 ab −1 at E CM 250 GeV [58] . The FCC-ee, over 4 interaction points, is expected to collect 50 ab −1 , which is roughly 1 × 10 12 Zs, at E CM 90 GeV and 10 ab −1 at E CM 250 GeV [59] . Table VI summarizes these numbers. For convenience, where the exact number of events is not important, we shall occasionally quote results for a nominal integrated luminosity of 1 ab −1 . These values may be rescaled appropriately.
TABLE VI
Projected luminosities for the CEPC [58] and FCC-ee [59] . These values are used throughout the text. 
Some previous uses of radiative return
Considerable use has been made of radiative return in previous experiments using electron-positron colliders. In Table VII , we summarize some parameters of experiments at these colliders [60, 61] . Maximum instantaneous luminosities of circular e + e − colliders are plotted versus year in Fig. 10 . 
Radiative return in narrow resonance production
As the first example, let us discuss how radiative return works in the case of a narrow resonance.
The cross section for electron-positron production of a vector meson resonance R with mass m R and e + e − partial width Γ ee decaying to a final state f with partial width Γ f may be written near resonance as
where s = E 2 CM , and m R and Γ R are the resonance mass and total width. For the Υ (4S), whose decays are almost exclusively to BB final states, the leptonic branching ratio is quoted by the Particle Data Group [60] as 1.57 × 10 −5 , while the total width is 20.5 MeV, leading to a leptonic partial width Γ ee = 0.322 keV. We shall use this value, noting that it is mildly inconsistent with the Particle Data Group's average of 0.272 keV. The mass is 10.5794 ± 0.0012 GeV; the cross section at the resonance peak is about 2.06 nb. The resonance shape is shown at the left in Fig. 11 . A resonance R may be produced by the radiative return process e + e − → γR, where the electron or positron of beam energy E = E CM /2 radiates a fraction 1 − x of its energy and is left with energy xE. Neglecting the small electron mass, the squared effective mass of the e + e − system is then xs. An electron beam of energy E radiates a photon and ends up with an energy xE with a probability per unit x [63] denoted by
where the minimum photon transverse momentum p T,cut provides a collinear cutoff 2 . In the absence of an explicit choice of cutoff, it is provided by the electron mass m e , which we shall use in much of what follows. The cross section for production of the resonance R by radiative return, where R decays to the final state f , is then
where the factor of two comes from the fact that either lepton can radiate the photon. In the narrow-resonance approximation, the integral in this expression can be done in closed form, with the result
where x 0 = m 2 R /s and B f = Γ f /Γ R denotes the branching fraction into the final state f . The cross section for e + e − → Υ (4S) including the emission of a photon is shown as a function of e + e − CM energy in Fig. 11 (right) .
The proposed high-energy electron-positron colliders at CERN and in China anticipate integrated luminosities of 50 ab −1 and 0.5 ab −1 , respectively, at CM energy of 90 GeV, and 10 ab −1 and 5 ab −1 , respectively, at 250 GeV [58, 59] . The observation of a new resonance with at least 10 events would then require cross sections of at least 0.2 and 20 ab at CERN or China, respectively, at 90 GeV, or at least 1 and 2 ab, respectively, at 250 GeV. Figure 12 illustrates contours of equal cross section for an e + e − collider with CM energy 90 (left) and 250 (right) GeV to produce a resonance of mass m R via radiative return. These results imply a cross section of 9.17 fb for the Υ (4S) produced by radiative return at E CM = 90 GeV, given an assumed leptonic partial width of Γ ee = 0.322 keV [60] . For a given E CM , the lowest sensitivity appears to occur for a resonance mass roughly equal to E CM /2, i.e., the beam energy.
The results of Fig. 12 can be expressed in more universal form. In the narrow-resonance approximation, the predicted radiative return cross section, Eq. (11), is directly proportional to Γ ee B f , so the ratio σ(e + e − → γR → γf )/Γ ee B f is a function only of s and m R . In Fig. 13 , we plot this ratio as a function of resonance mass for two values of E CM . Fig. 12 . Contours of equal cross section for radiative return production of a resonance with leptonic width Γ ee (assuming 100% branching fraction to a final state f ). Left: E CM = 90 GeV; right: E CM = 250 GeV. 
Continuum production
An important quantity is the effective luminosity of a high-energy collider for studying any given process at lower center-of-mass energy. Defining σ(s) ≡ σ(e + e − → γf ; s) andσ(ŝ) ≡ σ(e + e − → f ;ŝ) for a given final state f , the relation between the two is
where x =ŝ/s. The subsystem CM energy may be denotedÊ CM = √ŝ . The cross section per unitÊ CM times an interval ∆ ofÊ CM is then
where L f is the fractional luminosity perÊ CM bin of size ∆. Examples of this function for a bin width of ∆ = 1 GeV are shown in the top curves of Fig. 14 . For lowÊ CM , one may take (1 + x 2 )/(1 − x) 1 in Eq. (13) . Integrating fromÊ min CM = 10 GeV toÊ max CM = 30 GeV, one then finds
For E CM = (90, 250) GeV, we find L f = (5.22, 0.74) × 10 −3 . For a total of 1 ab −1 at E CM = (90, 250) GeV, this then provides a total integrated luminosity of (5220,740) pb −1 in the range of 10 ≤Ê CM ≤ 30 GeV. This exceeds integrated luminosities at PEP or PETRA (see Table VII ).
Given the concept of fractional luminosity, we can compute the effective luminosity gathered at each center-of-mass energy via radiative return. This effective luminosity can then be plotted together with the integrated luminosity of earlier accelerators, shown in Fig. 9 . The result is shown in Fig. 15 for √ s = 90 and 250 GeV compared to the luminosity collected directly at various other colliders. This figure clearly shows that a high-luminosity highenergy e + e − collider both competes with and fills in gaps left by previous colliders. Cleaner signals for radiative return may be obtained at the expense of number of recorded events by demanding that the radiated photon make a minimum angle θ 0 with respect to the beam axis. Let θ be the polar angle of the radiated photon, and z ≡ cos θ, z 0 ≡ cos θ 0 . Using Eq. (8) of [64] , we find that the angular distribution of the radiated photon for m e = 0 is given by
This may be integrated between the desired limits of θ, with the result
The ratio between the left-hand side andσ(ŝ) is again a fractional luminosity and is shown by the lower curves in Fig. 14, again for a bin width of 1 GeV. In the limit of small θ 0 p T /E γ , the leading-logarithmic term of Eq. (16) reduces to the form in Eq. (13).
Potential applications

Dark photon search
We focus here on the 10s to 100s of GeV scale. For simplicity, we assume that a "dark photon", denoted by Z , is kinetically mixed with a hypercharge gauge boson with amplitude
where c w is the cosine of the Weinberg angle and the hats denote states that are not mass eigenstates. After diagonalization, one finds a single massless state identified to be the photon. The would-be standard model Z and dark photon Z also mix due to electroweak symmetry breaking. The dark photon inherits couplings to fermions both from mixing with hypercharge and mixing with the Z. In the limit 1 and M Z M Z , the dark photon couplings to fermions become photon-like and the partial width simplifies to
where there are N c colors of f with charge Q f and mass m f , and
Ignoring all quark masses except m b and assuming the top-antitop channel is closed, the branching ratio of Z into µ + µ − (a convenient and lowbackground final state) is
When M Z ≈ M Z , the dark photon couplings become Z-like and when M Z M Z , they become B-like. This can be seen in Fig. 16 , where we show the branching ratios, assuming the dark photon decays entirely into Standard Model particles. These are computed using = 5 × 10 −3 although for 1, the branching ratios are independent of . For simplicity, we only use the perturbative calculation. For low Z masses, i.e., below a few GeV, it is necessary to consider threshold effects, QCD corrections, and hadronic resonances. The results for the reach of an e + e − collider in search for a dark photon are shown in Fig. 17 . The current and projected limits from electroweak precision data (EWPT) were computed in [65] .
Leptonic production of bb
The asymmetric B factories PEP-II and KEK-B have explored bb production up to CM energies of about 11 GeV with compelling statistics, and the upgraded KEK-B with the Belle-II detector will extend samples to dozens of events per attobarn. However, from about 11 to 90 GeV, the e + e − territory is much more sparsely populated with data, as one can see from Table VII and Fig. 15 . Radiative return studies from a Giga-Z or Tera-Z factory can help to fill this gap. A sample process is e + e − → (γ * , Z * ) → bb, compared for direct production with the radiative return process e + e − → (γ * , Z * ) γ ISR → bb γ ISR . The results are compared with the direct process in Table VIII . Table VI . Electroweak precision constraints (EWPT) and direct searches are taken from [65] . The 100 TeV projection assumes an integrated luminosity of 3000 fb −1 . 
Heavy flavor spectroscopy
There are many possible applications of radiative return to heavy flavor spectroscopy.
(a) Bottomonium analogues of charmonium X, Y , Z states By now, there is a lot of data on the X, Y , Z states. These states contain acc pair, but their properties do not agree with those expected from excited charmonia. Some of them are manifestly exotic and must contain an additionalqq pair of light quarks. Also for those which are not manifestly exotic, there is substantial indirect evidence of an additionalqq pair. In any case, the details of the internal structure of these states are not known, in the sense that we do know for sure the dominant spatial configurations of the quarks from which they are built.
We do know, however, that the various charmed X, Y , Z states are almost certain to have their counterparts in the bottomonium sector. Studying these analogues will provide valuable information which will be crucial for testing the various theoretical models. There are detailed and highly interesting predictions for the bottom analogues of theses states. Observing them experimentally will provide a golden opportunity to test our understanding of chiral symmetry breaking ( χ SB). The relevant thresholds are discussed in item (d) below.
(c) Doubly-heavy exotic hadrons, incl. bottom-charm exotics:B * D * , etc.
In the first part of this paper, we discussed exotic hadrons which lie close to theDD * ,D * D * ,BB * andB * B * thresholds. As we have seen, in addition to these states which contain hidden charm or bottom quantum numbers, there are good reasons to expect exotics with open charm and bottom, nearB * D * thresholds, etc.
(d) Interesting thresholds
In Table IX , we summarize some thresholds for heavy flavor production in e + e − collisions.
Here, we have used masses tabulated in Ref. [60] . The state B s0 in Table IX is the expected analogue, with J P = 0 + , of the D s0 (2317), which is narrow because it lies below DK threshold. In order to produce the B s0 in e + e − collisions, it must be accompanied by aB [31] . c Estimate in [31] .
(e) Doubly-heavy QQq baryons
The doubly-heavy baryons were discussed in Sec. 3. Here, I want to reiterate that experimental observation of doubly-heavy baryons is very important not just in its own right, but as a source of extremely valuable information about QCD in the nonperturbative regime. Since the two heavy quarks carry very little kinetic energy, doubly-heavy baryons effectively contain only one dynamical quark. Therefore, from theoretical point of view, they are the simplest baryons and can serve as a sort of "hydrogen atom" of baryonic physics, where the calculations are relatively straightforward and can be tested against experiment.
Summary
A simple and consistent picture emerges from Belle, BaBar, BES, CLEO and LHCb data: the new narrow exotic mesons are loosely bound J P = 1 + states ofDD * ,D * D * ,BB * andB * B * .
This picture has led to several predictions, some of which have already been confirmed experimentally:D * D * in I = 0 and I = 1 channels, new isosingletBB * andB * B * states X b and X * b below the respective two meson thresholds, and a narrow D * B * resonance. It has also been pointed out that the state reported and identified by ATLAS, D0 and LHCb as excited bottomonium resonance χ 1b (3P ) might, in fact, be a mixture of X b and χ 1b (3P ), in analogy with X(3872), which is likely a mixture of aDD * hadronic molecule and χ 1c (2P ) excited charmonium.
In Beyond the doubly-heavy exotic hadrons, we also expect an experimental observation of nonexotic doubly-heavy baryons in e + e − and hadron machines. Their discovery will be very valuable for deeper understanding of QCD in nonperturbative regime. We are sure the doubly-heavy baryons exist, so the main issue is attaining a sufficient event rate and focusing on suitable detection channels.
A future generation of high-energy high-luminosity e + e − colliders, utilized in radiative return mode, might provide a powerful tool for copious production of these new hadrons.
These lectures are based on recent joint work with Jon Rosner, Matthew Low, Lian-Tao Wang and Shmuel Nussinov. The new results reported here owe a great deal to an earlier long-term collaboration with the late Harry Lipkin.
